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1. SUMMARY 

A method has been developed which calculates two- 
dimensional, t ransonic ,  viscous flow i n  ducts .  The f i n i t e -  
volume, time-marching formulation is used t o  ob ta in  steady 
flow so lu t ions  of the Reynolds-averaged form of the Navier 
Stokes equat ions.  The e n t i r e  c a l c u l a t i o n  is performed in the  
phys ica l  domain. 

The f e a t u r e s  of t h e  cur ren t  method can be summarized as 
follows. Control volumes a re  chosen so t h a t  smoothing of 
flow p rope r t i e s ,  t y p i c a l l y  required f o r  s t a b i l i t y ,  is no t  
needed. D i f f e ren t  time steps are used i n  the d i f f e r e n t  
governing equations.  A new pressure i n t e r p o l a t i o n  scheme is 
introduced which improves the shock captur ing  a b i l i t y  of the 
method. A multi-volume method f o r  pressure changes in the  
boundary l a y e r  a l lows ca l cu la t ions  which use  very long'  and 
t h i n  c o n t r o l  volumes ( lengt ldhe ight  - 1000). The method i s  
then compared here  with two test cases.  E s s e n t i a l l y  incom- 
p r e s s i b l e  tu rbu len t  boundary l aye r  flow i n  a n  adverse pres- 
sure g rad ien t  is ca lcu la t ed  and the computed d i s t r i b u t i o n s  of 
mean v e l o c i t y  and shear  stress a r e  i n  good agreement wi th  the  
measurements. Transonic viscous flow in a converging diver- 
ging nozzle  is ca lcu la t ed ;  the Mach number upstream of t h e  
shock is approximately 1.25. The agreement between the 
c a l c u l a t e d  and measured shock s t r e n g t h  and to  t a l  pressure  
l o s s e s  is good. 

2 . INTRODUCTION 

The f i n i t e  volume method has been used ex tens ive ly  to  
so lve  the E u l e r  equat ions €or t ransonic  flow including flow 
a t  high i%ch numbers. In  i n t e r n a l  aerodynamics, McDonald [ l ]  
was the f i r s t  i n v e s t i g a t o r  t o  use  the time marching f i n i t e  
volume method. Denton [2  ] extended YcDonald' s f i n i  te-volume 
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method to  three  dimensions. Versions of Denton's method have 
been used in inviscid-viscous i n t e r a c t i o n  programs f o r  
turbomachinery c a l c u l a t i o n s  [ 3-51 . 

The scope of the  present work was t o  extend a f i n i t e  
volume method l i k e  t h a t  o€ Denton's t o  be a b l e  to  calculate 
laminar  o r  t u rbu len t  flow in ducts. The new method has the 
c a p a b i l i t y  t o  c a l c u l a t e  subsonic as w e l l  a s  t r anson ic  flow. 

3. GOVERNING EQUATIONS 

The unsteady form of the con t inu i ty  equat ion,  the  x' 

momentum equat ion ,  and the y-momentum equat ion,  i n  i n t e g r a l  
form, are used to  ob ta in  a s teady-s ta te  s o l u t i o n  f o r  flow 
through 2-dimensional ducts. The i d e a l  gas equat ion of 
s ta te ,  the  assumption of constant  t o t a l  temperature, and a 
P rand t l  mixing length  turbulence model complete the  governing 
equat ions  needed to  so lve  f o r  t he  unknown v a r i a b l e s  p ,  u ,  v, 
P, v ,  and T. 

For a f i n i t e  c o n t r o l  volume where we can 
va lue  of dens i ty  to  the control  volume, and f o r  a 
s t e p ,  6 t ,  c o n t i n u i t y  states that,  

6 t  - P" = 6P = -[JJ p u  - %I pn+l 

where the  i n t e g r a l  is evaluated e x p l i c i t l y  a t  
time s t e p ,  n. In a r r i v i n g  a t  an express ion  which 

assign one 
f i n i t e  time 

the c u r r e n t  
relates the  

pressure  change d i r e c t l y  t o  the con t inu i ty  e r r o r ,  w e  w i l l  
assume that changes i n  temperature a r e  ma11 i n  comparison to  
o t h e r  changes f o r  one time step. Thus, w e  can relate changes 
i n  pressure  t o  changes in densi ty  through the  i d e a l  gas 
equat ion  of state, 

For the method introduced i n  the c u r r e n t  work, a non-conser- 
v a t i v e  form of the unsteady momentum equat ion is used. The 
non-conservative form is used because it al lows the u s e  of 
d i f f e r e n t  t i m e  s teps  f o r  t h e  con t inu i ty  and momentum equa- 
t i ons .  The d i f f e rences  be tween the non-conserva t i v e  and 
conserva t i v e  f oms of the unsteady momen tum equat ions a r e  
a s s o c i a t e d  with the unsteady and convective terms . S p e c i -  
f i c a l l y ,  w e  no te  t h a t  

a ( P U >  a u  
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and the r i g h t  hand s i d e  of Eq. (3) can be r e w r i t t e n  as 

a U  au 
(4) 

- - + v pu u - u(V pu) P a t  + p u . v u = p =  - - - - 
When the r i g h t  hand s i d e  of Eq. (4) i s  combined with the  
pressure  and viscous terms, the momentum equat ion i n  i n t e g r a l  
form becomes 

- 

To maintain s t a b i l i t y ,  the p rope r t i e s  mus t  be updated in t he  
proper  sequence. In the  current method, t he  sequence is 
1. update the pressure from the c o n t i n u i t y  equat ion;  
2. update the  v e l o c i t i e s  from the  momentum equat ion  using 

the  new p res su re  and o l d  v e l o c i t i e s  and o l d  dens i ty ;  
3. update the  dens i ty  from the i d e a l  gas equat ion  of s ta te ;  
4. update the  temperature from cons tan t  t o  t a l  temperature. 

4. CONTROL VOLUMES 

A new c o n t r o l  volume has been introduced f o r  t h i s  
method. To e l imina te  the  need f o r  smoothing of flow proper- 
t ies,  t h e r e  must be as many con t ro l  volumes a c r o s s  the duct  
as t he re  are nodes where these v a r i a b l e s  are ca l cu la t ed .  We 
need as many equat ions as unknowns. The c o n t r o l  volumes a l s o  
need t o  be located so t h a t  e r r o r s  in c o n t i n u i t y  and momentum 
can c o r r e c t l y  in f luence  the  changes in pres su re  o r  dens i ty  
and v e l o c i t y  without  smoothing. The c u r r e n t  c o n t r o l  volume 
accomplishes t h i s  and is shown in Fig. 1. When c a l c u l a t i n g  
the f l u x  through a streamwise f a c e  of an  element, the value 
of the  flow p r o p e r t i e s  a t  the node on that f a c e  are used. 
Linear  i n t e r p o l a t i o n  is used to o b t a i n  the  f l u x  on the cross- 
stream face. 

GRID POINC 

Fig .  1 New Control Volumes I 
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5 . DISTRIBUTION OF PROPERTIES 

The p rope r t i e s  a t  node points  are changed i n  the  flow 
f i e l d  a f t e r  each t i m e  step because the con t inu i ty  and 
momentum equat ions are no t  s a t i s f i e d  f o r  a given c o n t r o l  
volume. A decis ion  must be made about  which node, e i t h e r  
upstream o r  downstream, these changes should be a l l o c a t e d  
to. The c r i t e r i o n  used in determining where changes i n  
p r o p e r t i e s  should be s e n t  is t h a t  these  d i s t r i b u t i o n s  resu l t  
i n  reduced e r r o r s  i n  cont inui ty  and momentum. The c u r r e n t  
method uses  the  following a l l o c a t i o n  procedure: 
1. The pressure  is  updated through the con t inu i ty  equat ion 

and t h e  pressure change is s e n t  t o  the upstream node; 
2. The u and v v e l o c i t i e s  are  updated through the momentum 

equat ions  and the changes are s e n t  to the  downstream 
node; 

3. The dens i ty  is updated through the i d e a l  gas equat ion of 
state using an  in te rpola ted  pressure.  

6 . PRESSURE INTERPOLATION PROCEDURE 

As p a r t  of the updating procedure used by Denton [ 5 ] ,  an  
e f f e c t i v e  pressure is used i n  the momentum equat ions r a t h e r  
than the t rue  thermodynamic pressure  determined from the  
i d e a l  gas equat ion of s t a t e .  This  e f f e c t i v e  pressure is  
needed because i f  the t r u e  pressure is used i n  the momentum 
equat ions  the so lu t ion  m y  n o t  converge. I n  the c u r r e n t  
method, the dens i ty  used i n  t h e  con t inu i ty  and momentum 
equat ions  is an  e f f e c t i v e  densi ty  which may be d i f f e r e n t  than 
the  dens i ty  obtained using t h e  i d e a l  gas equat ion of state. 
This e f f e c t i v e  dens i ty  is used  
requirements. 

S t a r t i n g  with a general ized 
equat ion  €o r  the e f f e c t i v e  density 

t o  s a t i s f y  s t a b i l i t y  

pressure  i n t e r p o l a t i o n  

(pI+l - pH) 
al  2 + 

Mach number l i m i t a t i o n s  were sought f o r  ao, al, and a2 such 
t h a t  

a l  + a2 + a3 = 1 (7) 

which assures second order  accura te  so lu t ions .  A set of 
equat ions  f o r  ao, a l ,  and a 2  was chosen which sat isf ies  two 
s t a b i l i t y  cri teria [ 6 ] .  The equations are 

-6 2- 



1 
I 
1 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
1 
I 
I 
I 
1 
r 

f o r  M G 2 0.8 4 
M 

a. = (T) (7 -1) ; al = 1 - ag ; a2 = o : 

f o r  M > 2 ag = 0 ; al  = 4/M2 ; a2  = 1 - al . ( 8 )  

These Mach number dependent formulations f o r  ao, a19 and a2 
are shown i n  Fig. 2. 

0 1 2 3 
I.lACH NlMBER 

Fig. 2 Mach Number Dependent Values f o r  
Coeff ic ients  ag ,  al, and a2 

7. TIME STEPS 

A unique f e a t u r e  of t h i s  method is the  use of d i f f e r e n t  
time s t e p s  f o r  the  cont inui ty  and momentum equations.  
Previous workers who have used e x p l i c i t  t i m e  marching methods 
have used the  CF'L condition as a b a s i s  for determining 
a l lowable  t i m e  s t e p s  which maintain s t a b i l i t y .  The same time 
s t e p  is  used f o r  both the c o n t i n u i t y  and momentum 
equations.  In the  c u r r e n t  method, t he  express ions  t h a t  are 
used t o  determine the  allowable time s teps  are; f o r  t he  
momentum equat ions  

6 t m  
1 

and f o r  c o n t i n u i t y ,  

where 6tm i s  the momentum time s t e p ,  6 t c  1s the  c o n t i n u i t y  
time s t e p  and veff fs an e f f e c t i v e  y-component of ve loc i ty .  
The advantage of using d i f f e r e n t  time s teps  is t h a t ,  for low 
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v e l o c i t y  regions of the  flow, the  al lowable momentum time 
s t e p  can be s i g n i f i c a n t l y  larger than t h a t  allowed by the CFL 
condition. These l a r g e r  time steps allow the  boundary l a y e r  
p r o f i l e s  to  change more rapidly and enhance the convergence 
ra te  s i g n i f i c a n t l y  compared with a method which uses the CFL 
condi t ion.  

8. BOUNDARY CONDITIONS 

For viscous flow, a t  the upstream boundary, t h e  t o t a l  
temperature,  f r e e s  tream t o t a l  p ressure ,  i n l e t  boundary l a y e r  
v e l o c i t y  p r o f i l e ,  and flow angle are Specif ied.  Along the 
downstream. boundary the s t a t i c  pressure  is spec i f i ed .  Pres- 
sures along the  s o l i d  boundaries are determined from l i n e a r  
ex t r apo la t ion .  For viscous flow, the va lues  of the x- 
component and y-component of v e l o c i t y  are set equa l  to  zero 
a t  s o l i d  walls. 

9 .  TURBULENCE MODEL 

A Prandt l  mixing length model is used t o  model t h e  
t u rbu len t  stresses. The model is 

31 pL2 "du" 
v t  3 

L is smaller of 0.08 times the width of boundary l a y e r  
o r  0.41 times the d i s t ance  t o  the  wall 

Van Driest Correct ion 

L = 0.41 " ~ " ( 1  - em[-  "y" J c / 2 6  p e l >  

Gear wall Correct ion 

10. MULTI-VOLUME METHOD FOR PRESSURE CHANGES 

Control  volumes are grouped in t he  boundary l aye r  t o  
form a l a r g e r  g loba l  con t ro l  volume. The con t inu i ty  e r r o r  is 
c a l c u l a t e d  f o r  t h i s  g loba l  con t ro l  volume and changes in 
pres su re  are assigned equal ly  t o  each of the  upstream nodes 
f o r  each c o n t r o l  volume making up  the  g loba l  con t ro l  
volume. Then the g loba l  cont ro l  volume is made success ive ly  
smaller towards the  wall. This is shown schematical ly  in 
Fig. 3. The e n t i r e  pressure  change f o r  one i t e r a t i o n  a t  each 
node wi th in  the multi-volume region is  determined by adding 
toge ther  a l l  the pressure changes assigned t o  t h a t  node. 

The multi-volume method propagates pressure  changes 
r a p i d l y  through the boundary l aye r  and minimizes t ransverse  
p re s su re  g rad ien t s  i n  the intermediate so lu t ion .  The above 
changes al low the  ca l cu la t ion  of boundary l a y e r  flows where 
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t h e  c o n t r o l  volumes near  the wall can have a s p e c t  r a t i o s  
( l eng th /he igh t )  over 1000. 

VOL. 1 VOL. 2 VOL. 3 VOL. 4 

Fig. 3 Multi-Volume Method f o r  Pressure  Changes 
i n  t h e  Boucdary Layer 

11. TRANSVERSE UPWIND DIFFERENCING 

When the con t ro l  volumes become long and th in  near  the 
wall of t he  duct ,  the  f luxes  through the  top and bottom faces  
of the c o n t r o l  volume become more s i g n i f i c a n t  i n  comparison 
t o  the  f l u x e s  through the streamwise faces .  To s t rengthen  
the  diagonal  dominance of t he  c o e f f i c i e n t  matrix,  the 
momentum f luxes  through the t ransverse  faces  m y  be calcu- 
l a t e d  using in t e rpo la t ed  v e l o c i t i e s  upstream i n  the 
t r ansve r se  d i r e c t i o n  r a t h e r  than the  actual  in t e rpo la t ed  
values.  The i n t e r p o l a t i o n  funct ions and the de r iva t ion  of 
t h e  func t ions  is discussed in more d e t a i l  in Ref. 6. 

12. SAMUEL AND JOIJBERT INCOMPRESSIBLE TURBULENT BOUNDARY 
LAYER 

Incompressible turbulent  boundary l a y e r  flow in a 
d iverg ing  duc t  was c a l c u l a t e d  for test case 0141 of the  
S tanford  Conference [ 7 ] .  The g r i d  used in t he  p re sen t  
c a l c u l a t i o n s  is shown i n  Fig. 4. The i n l e t  ve loc i ty  is 26 
m/s . 

Fig.  4 Geometry and Grid f o r  Samuel and Joubert  

Figure Sa shows a comparison of the ca l cu la t ed  sk in  
f r i c t i o n  c o e f f i c i e n t  with the experimental  results and with 
the  results from the iloore cascade flow program. The 
agreement is exce l l en t .  A comparison of the calculated 
t u r b u l e n t  shear  stress d i s t r ibu t ion ,  z, w i t h  the experi-  
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mental resul ts  is shown i n  Fig.  5b. The agreement is good. 
Figure 5c shows good agreement a l so  between the calculated 
and measured ve loc i ty  profi les  a t  two locations i n  the duct. 

PLOT 1 CASE 0141 FILE 4 
0.ow F 4 

0.004 I -  0 CFC 
0 CFPT 
0 CFW 

NICHOLSON 
A MOORE 

0.000 , J 
0 0.5 I 1.5 2 2.5 

X (m) 

5a) Skin Friction Coefficient 
PLOT 3 CASE 0141 

0 

A . 
Y (m) . 

0.02 - . . *  
c 
:* 
.# 

. . . 
000  -A A 4 '  

o 0.001 0 . 0 0 ~  o -noo! 0002 o 0.001 o on2 
uv/u; 

5b) Turbulent Shear Stresses 
PLOT 4 CASE 0141 FILES 14.16 

0.10 

0.08 

Y 0.08 

0.04 : t  

8 
X-3.40 m . 

.A 

0 . . . .. . . . 

0 0 5  I O  0 4  I 
wu. 

5c) Velocity Prof i les  

Fig. 5 Results for Samuel and Joubert 
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13. MDRL DIFFUSER CALCULATIONS 

The d i f f u s e r  geometry (Model G)  is shown i n  Figure 6a 
[ 8 , 9 ] .  Figure 6a a l s o  shows the computational g r i d  used 
which has 87 g r i d  p o i n t s  i n  t h e  a x i a l  d i r e c t i o n  and 20 p o i n t s  
a c r o s s  the flow. The i n l e t  boundary l a y e r  thicknesses  were 
s p e c i f i e d  as  9% and 4.5% of t h e  i n l e t  d i f f u s e r  h e i g h t  f o r  the  
curved and f l a t  wall boundary l a y e r s ,  r e spec t ive ly .  For t h i s  
c a l c u l a t i o n ,  t he  r a t i o  of e x i t  s ta t ic  p res su re  t o  the  i n l e t  
t o t a l  p ressure  was 0.826. In the experiment, t h i s  t e s t  p o i n t  
r e s u l t s  i n  t r anson ic  flow in t he  diverging por t ion  of t h e  
duc t  with a Mach number of approximately 1.235 upstream of a 
n e a r l y  normal shock, and the flow remained fully-a t tached 
throughout the d i f f u s e r  a t  th i s  test condition. 

A contour p l o t  of s t a t i c  pressure is shown i n  Fig. 6b. 
The shock can be seen i n  the diverging po r t ion  of the duct. 
The shock is w e l l  def ined as i l l u s t r a t e d  by the  high 
c l u s t e r i n g  of contours a t  the shock. Figure 6c  shows a Flach 
number contour p l o t  f o r  the calculat ions.  The c a l c u l a t e d  and 
measured curved wall s t a t i c  pressures are compared i n  Fig. 
7. The shock is w e l l  defined and no overshoot occurs  €n the  
s ta t ic  pressure.  rx  

a) geometry and g r i d  

b) s ta t ic  pressure contours  

c) Mach number contours  

Fig. 6 Geometry and Contours for MDRL Dif fuser  
Measured shock l o c a t i o n s  on the  curved w a l l  and i n  the  

middle of the duct  are p lo t t ed  i n  Fig. 8 as a funct ion of 
shock Mach number, MaU, determined from the  minimum wall 
s ta t ic  p res su res  on the  curved wall. The minimum wall s ta t ic  
pressure  i n  the c a l c u l a t i o n  is l oca t ed  a t  x/h = 1.5; t h i s  is 
taken t o  be the  l o c a t i o n  of the shock. The Elach number 
upstream of the shock was determined t o  be 1.256 from the  
c a l c u l a t e d  t o t a l  p re s su re  r a t i o  ac ross  the shock in t he  
f reestream. This result is p lo t t ed  in Fig. 8 and i t  a g r e e s  
w e l l  wi th  the measured shock locat ion.  Comparisons of 
c a l c u l a t e d  and measured veloci ty  p r o f i l e s  (see Ref. 9)  a t  two 
ax ia l  l o c a t i o n s  along the duct are shown i n  Fig. 9. The 
agreement is good. The mass averaged t o t a l  pressure a t  the  
d i f f u s e r  e x i t  d€vided by the i n l e t  f reestream t o t a l  pressure 
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Fig. 7 Curved Wall S t a t i c  P res su res  f o r  MDRL Di f fuse r  

t f  

2 0  

1.5 
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1. 

CALCULATED 
YLl" 

Fig.  8 Comparison of Computed and Measured 
Shock Posi t ion  i n  MDRL Di f fuse r  

+ CALCULATION -b CALCULATION 

Fig. 9 Veloci ty  P r o f i l e s  a t  x/h= 4 . 0 3  and 8.2 
i n  MDRL Dif fuser  
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i s  ca l cu la t ed  from t h e  numerical results to  be 0.9615. This 
compares w e l l  with t h e  measured value of 0.965, obtained from 
t h e  da ta  of Pl. Sajben and T. J. Bogar, midway between t h e  
d i f f u s e r  s i d e  walls. 

The t o t a l  CPU time f o r  the  MDRL d i f f u s e r  ca l cu la t ions  
was approximately 35 minutes on an IBM 3031. 

1 4 .  CONCLUSIONS 

An e x p l i c i t  f i n i t e  volume time marching method has been 
extended t o  allow the  ca l cu la t ion  of laminar  and turbulen t  
flow i n  ducts.  Both subsonic and supersonic  flow can be 
ca l cu la t ed  with the method. Incompressible tu rbu len t  
boundary l a y e r  flow in a n  adverse pressure  g rad ien t  was 
ca l c u  la te d . The agreement between the  ca l cu la t ed  and 
measured sk in  f r i c t i o n  coe f f i c i en t ,  t u rbu len t  shear  stress 
d i s t r i b u t i o n ,  and mean ve loc i ty  p r o f i l e s  was good. Transonic 
viscous flow through a converging d iverg ing  nozzle  was 
ca lcu la ted .  The computed and measured v e l o c i t y  p r o f i l e s  were 
in good agreement e s p e c i a l l y  near the  e x i t  of the nozzle. 
The computed and measured shock loca t ions  were compared and 
were found to  be i n  good agreement. Viscous and shock lo s ses  
in t h e  d i f f u s e r  were w e l l  modelled. 
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